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EXAMINATION QUESTIONS AND PROBLEMS. EXAMINATION QUESTIONS AND PROBLEMS. 

to a3, b3, c3 respectively, and that PAPBPC=R3, where p, etc., are 
the radii of curvature at A, B, C, and R the circum-radius of the 

triangle. (C.) 
214. A', B', C' are the mid-points of the sides of the triangle 

ABC. Any transversal through A meets C'A', A'B', in Q, R, 
respectively; prove that BQ, CR are parallel. G. RICHARDSON. 

(No. 145 is a particular case.) 
215. If the diagonals of a convex quadrilateral are equal, and 

perpendiculars be drawn bisecting two opposite sides; then these 

perpendiculars, measured from their point of intersection, are 

proportional to the sides on which they stand. F. S. MACAULAY. 

(An amended form of 183.) 
216. If m edges meet at each vertex of a polyhedron of E 

edges, and each polygonal face have n sides, then 
r- + n - E-1-1+2-. 

Hence deduce that only five types of such polyhedra are possible, 
corresponding to the five regular solids. R. F. MUIRHEAD. 

217. Two similar and similarly situated triangles A1 A2 are 
such that the same circle can be described in the one and about 
the other; compare their areas, and prove that if A = 4A2, the 

triangles are equilateral. (W.) 
(Required analytical and geometrical solutions.) 
218. The projections on the four sides of a square of any 

point on its circum-circle form an orthocentric system. 
E. M. LANGLEY. 

219. Eliminate 0 and p between the equations 
ax sec 0- by cosec =C2; ax sec - by cosec p = c2; 

02--o + _( C 
2 - + 2 i L cos 2 sec - c=a2+b2. (Sc.) 

220. The numbers 1, 2, 3, ..., 2n are arranged around a circle 
at equal intervals. Through one of these, h, a diameter is 
drawn; for what values of n, h will the sum of the numbers 
on one side be equal to the sum of those on the other. (C.) 

SOLUTIONS. 

126. Show how to make a square section of a given regular tetrahedron. 
(Edinburgh.) 

Solution by W. J. GREENSTREET. 
Let EFGH be any section parallel to AB and CD. Then EF, GH are 

parallel to AB; and EH, GF parallel to CD. This is true of any tetrahedron. 
In a regular tetrahedron AB is perpendicular to CD. In that case EFGH 
is a rectangle. A CD is equilateral. 

Hence AE=EH=AH=BF. 
Take CI= CJ - AE. Then :J= EH. 

to a3, b3, c3 respectively, and that PAPBPC=R3, where p, etc., are 
the radii of curvature at A, B, C, and R the circum-radius of the 

triangle. (C.) 
214. A', B', C' are the mid-points of the sides of the triangle 

ABC. Any transversal through A meets C'A', A'B', in Q, R, 
respectively; prove that BQ, CR are parallel. G. RICHARDSON. 

(No. 145 is a particular case.) 
215. If the diagonals of a convex quadrilateral are equal, and 

perpendiculars be drawn bisecting two opposite sides; then these 

perpendiculars, measured from their point of intersection, are 

proportional to the sides on which they stand. F. S. MACAULAY. 

(An amended form of 183.) 
216. If m edges meet at each vertex of a polyhedron of E 

edges, and each polygonal face have n sides, then 
r- + n - E-1-1+2-. 

Hence deduce that only five types of such polyhedra are possible, 
corresponding to the five regular solids. R. F. MUIRHEAD. 

217. Two similar and similarly situated triangles A1 A2 are 
such that the same circle can be described in the one and about 
the other; compare their areas, and prove that if A = 4A2, the 

triangles are equilateral. (W.) 
(Required analytical and geometrical solutions.) 
218. The projections on the four sides of a square of any 

point on its circum-circle form an orthocentric system. 
E. M. LANGLEY. 

219. Eliminate 0 and p between the equations 
ax sec 0- by cosec =C2; ax sec - by cosec p = c2; 

02--o + _( C 
2 - + 2 i L cos 2 sec - c=a2+b2. (Sc.) 

220. The numbers 1, 2, 3, ..., 2n are arranged around a circle 
at equal intervals. Through one of these, h, a diameter is 
drawn; for what values of n, h will the sum of the numbers 
on one side be equal to the sum of those on the other. (C.) 

SOLUTIONS. 

126. Show how to make a square section of a given regular tetrahedron. 
(Edinburgh.) 

Solution by W. J. GREENSTREET. 
Let EFGH be any section parallel to AB and CD. Then EF, GH are 

parallel to AB; and EH, GF parallel to CD. This is true of any tetrahedron. 
In a regular tetrahedron AB is perpendicular to CD. In that case EFGH 
is a rectangle. A CD is equilateral. 

Hence AE=EH=AH=BF. 
Take CI= CJ - AE. Then :J= EH. 
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THE MATHEMATICAL GAZETTE. 

The sum of the sides of the rectangle is constant, for if MN be the centre- 

Ajoin of AC, BC, 
BN=NC ; BF=JC; 

/E,ft .'. EF- IJ=2MN=AB. 

a / \ Hence the rectangle is a maximum when EF=IJ, 
i.e. the square section is equidistant from the edges 
to which it is parallel. 

BD ?<F/ / )7 In the general case for any tetrahedron, if 
/ r7 / ~n.AE=m. CE, then 

A /CE EF.(m+n)=an, EH.(m+n)=mc, 
^C El~EF. EIH. (m + n)2 = mnac; 

.. as m + n=AC, the maximum value of the parallelogram is when m=n; 

and then EF. EHE= a. 
4 

155, For a solution by theory of inversion v. Townsend, Modern Geometry, 
vol. i. (1863), p. 205, cor. 4?. 

157. Prove that the six planes perpendicular to the edges of a tetrahedron 
through their middle points meet in a point. 

Solution by W. J. GREENSTREET. 

Every point in the plane perpendicular to AB at its middle point is 
equidistant from A and B, so that the common point of the three planes 
perpendicular to AB, AC, AD is equidistant from the four vertices A, B, C, D. 
Hence we see that the six planes meet in a point equidistant from the four 
vertices, i.e. in the centre of the circum-sphere. 

160. If a+b+c+d+e+f=O, 
and a3 + b3 +c3 + d3 + e3+f=O, 
prove that (a + c)(a + d)(a+e)(a+.f)= (b + c)(b + d)(b + e)(b +f). (Cambridge.) 

Solution by S. O. ROBERTS, R. TUCKER, and G. HEPPEL. 

Let pr stand for the sum of the products of the four letters, c, d, e, f, taken 
r at a time. Then p = - (a + b). 

Also v1(p12 - 3P2) = c3 - P3 = -(a3+ b3) - 3p3; 
p ' P3=3 (a )3 a +b3)}-p2(a+b) 

=(a+ b)(ab -2). 
Hence (a+c)(a+d)(a+e)(a+f) 

=a4 - a3(a + b) + a2P2 + a(a + b)(ab -P2) + p4 
=a2b2 - abp2 +p4 
=(b+c)(b + d)(b + e)(b+f). 

161. Find the H.C.F. of (x2 - a2 - b2 + c2)2 + 4(ax - bc)2 and (x - b)4 - (a - c)4. 
(Cambridge.) 

Solution by W. E. JEFFARES, R. TUCKER, and G. HEPPEL. 

(x2 - a2 - b2 +c2)2 + 4(ax - b)2 
=(x2 +a2+ b2+c2)2 - 4(a2+ b2)(x2+c2)+ 4(ax - bc)2 
= (x2+ a2 + b2+ c2)2 - 4(b + ac)2 
={(+ b)2 +(a+c)2}{(x - b)2+(a-c)2}. 

Hence (x - b)2+(a - c)2 is the required H.C.F. 
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SOLUTIONS. 

162. Prove that 
sin3a sin (/ - y)+ sin3/ sin (y - a) + sin37 sin (a - /) 

= -sin(a+ /+y)sin(/ - y)sin(y- a)sin(a- 3). (Cambridge.) 
Solution by G. HEPPEL, W. J. GREENSTREET, and W. E. JEFFARES. 

I sin3a sin (,8 - y)= I2 sin a sin ( -y ) - 2 sin 3a sin (/ - y) 
-- {cos (3a- + y)-cos (3a+ -y)} 

= -':{cos(3a-/ +y)-cos(3,/+y-a)} 
-j sin(a + +y)sin 2(/-a) 

= - sin (a + ,l + 7sin in (/3 - ysinin (y - a) sin (a - ). 

163. Sum to n terms 
12 cos a- 22 cos 2a + 32 cos 3a - ... (Cambridge.) 

Solution by G. HEPPEL, H. P. KNAPTON, and W. E. JEFFARES. 

Put a= 7r+ , and let S stand for the sum of the series. 
Then - S=12 cos - + 22 cos 2S +... +n2 cos n,, 

- 2Scos/ = 12(1 +cos2/3)+22( + cos3+cos3,/)+... +n2(cosn- 1#+ cosn+ 13) 
=1 + 22 C (232)os +(12+3)o 2f +... +(n -1)2cosn +n2cos(n + 1) 

= 1 +2(1 + 12)cos + 2(1 22)cos 23+ ... +2(1+n2)cos n/ 
- (n + 1)2 cos n/ + n2 Cos (n + 1)f 

= - 2S+(1 +2 cos +2 cos 2f+... +2 cos nf) 
-(n+ 1)2 cos n + n2 cos (n + 1)/3, 

2S cos n, - cos (n +1)/3_ (n+ 1)2 cos n,8 - n2 cos (n 1)/ 
(1 - cos )2 1 - cos/ 

164. If Pp, Qq are normal chords of a conic at rqght angles to one another, 
the quadrilateral PQpq has two sides parallel. (Cambridge.) 

Solution by W. J. GREENSTREET and G. HEPPEL. 

The tangents and normals at P, Q, form a rectangle TPOQ. 
OP. Op TQ2 OP'. 

IHence OQ . Oq= T2= OQ2 
Op _ Oq 

* OP-OQ' 
hence PQ, pq are parallel. 

165. Find the maximum and minimum values of 

(x- 1) (x- 2)(x - 3)?. (Cambridge.) 

Solution by G. HEPPEL. 

Put =(x- 1)4(x- 2)2(x - 3). 
Taking logs. and differentiating, 

This vanishes when x=l, x=2, and when x This vanishes when x= 1, x=2, and when 

4+ 2+_ =O. .. ................ (1) x-1 x-2 x-3 
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THE MATHEMATICAL GAZETTE. 

Differentiating again, and assuming 1 = 0, 

2= -u_2+ +- 2-- )...................... (2) 
Xa-1 X-2 X-1 

which is always of opposite sign to u. 
One root a of equation (1) lies between 1 and 2, and the other / between 

2 and 3; and both of these values make u2 positive, and u a minimum. Thus 
u is a maximum when x==1 or 2, and a minimum when x =a or 3. 

166. Four equal particles, which repel one another with forces varying as the 
distance, are fastened to an endless string. Prove that in the position of 
equilzbrium the line joining two of the particles is parallel to the line joining the 
other two. (Cambridge.) 

Solution by G. HEPPEL. 

Let T be the excess of tension over repellent B force in CD, fA C and uzBD the forces in the 
diagonals. 

Then 
AB__ sin, . BD sin(a+ 8) 

,q aw dyAA ACsin(a+f3) AB sin(o-8)' / 
C_sin ( + ). T sin(o - ) 

T si/l ' uBD~-sin(y+ )' 
D Multiplying all together, 

sin (a + 8) sin(3 + ) = si (a + 3)sin (y + 6), 
whence sin (a - y) sin (/8 - 8)=0, and either a = y or = 8. 

168. The points on a given line, whose distances fiom two given points have 
a maximum or minimum ratio, are the ends of a diameter of a circle throuigh 
the given points. 

Solution by G. HEPPEL, H. P. KNAPTON, and W. E. JEFFARES. 

Let A, B be the given points, 0 that point on the given line such that 
OA = OB, and P any point on the line. Let 

OA=OB=a, AOP=a, BOP=/3, OP=x. 

Then PA2 a2 +x2- 2ax cos a 
PB2- a2 + 2 - 2ax cos/3 

- 2a(cos a- cos 3) 
x + a2/x - 2a cos /' 

PA max. +a2/X must be a mmax.an Hence in order that PA may be a max. x+a2/x mustbe a andx 

must be equal to +a. There are therefore two points P satisfying the given 
condition, and they lie on the circle with centre 0 and radius OA or OB, 
which proves the theorem. 

169. Prove that the equation 
Va+x? +_ Jb-vx + Jc+ ?v +x = 0 

has only one root, and find it. 
The following solution, which has been colmmunicated by Mr. JEFFARES, is 

taken from Graham's Algebra: 
Put +/a+x=/ +y-a, + lb+x = +a-/3, 

+?Vc+x=a+/-y, +?d+x= -(a+/3+y). 
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SOLUTIONS. 

By squaring and adding, etc., we obtain 
(a +d) - (b + c)= 8y, etc. 

Hence we have fy==a', ya=b', a3=c', 
where a', b', c' are known. 

Also we have 

cb'e' 7e'a' a'b' 4x+a+b+c+d=4(a2+ 2+y2)=4( 4 +2, +- /+), 

giving x, and showing that it has only one value. 

174. If AP, IK be the perpendiculars from the vertex A and in-centre I to the 
base BC of a triangle ABC, and the tangent to the in-circle parallel to BC meet 
AP in Q, and the other tangent from Q meet BC in V, prove VB. VC= VP . VK. 

E. BUDDEN. 
Solution by PROPOSER. 

The tangents intersecting on the fixed line AP determine on BC an involu- 
tion, centre V. The tangents from P and A intersect BC in P, K and B, C 
respectively; .. VB. VC= VP. VK. 

176. If P is a point from which four normals are drawn to a given ellipse, 
and PQ a diameter of the rectangular hyperbola through the feet of the normals, 
then, assuming that chords of the ellipse which subtend a rqiht angle at Q 
envelope another ellipse of which Q is a focus, prove geometrically (i.) that P is 
its second focus, (ii.) that CP, g 
CQ are equally inclined to the 
major axis of the given ellipse, , 
(iii.) that CP is to CQ in a 
constant ratio. E. P. RousE. 

Solution by PROPOSER. 

(i.) Let PH, PK be two of / \ 
the normals from P. Draw / / 
chords HQL, MQN at right \ 
angles to each other. \ ' 

PQ is a diameter, therefore j \--- - - 
HP, HQ are equally inclined - 
to an asymptote, and there- 
fore to the major axis of the 
ellipse. So also are MN and 
the tangent at H perpendi- 
cular to HP, HQ, respectively. 

Hence the circle HMN will touch the ellipse at H, and HM, HN will be 
equally inclined to the major axis. Then MHQ=NHP. 

Now HM, HN subtending 
right angles at Q are tan- 
gents to the enveloped ellipse, 
focus Q; therefore the second 
focus lies on KP, i.e. P is the 
second focus. 

(ii.) PQ being a diameter C 
and C a point on the rect- 
angular hyperbola, CP, CQ 
are equally inclined to an 
asymptote, and therefore to 
the major axis of the ellipse. 

(iii.) The external diagonal Y 
of HMLN is the polar of Q 
for both in- and circum-ellipses. It, is also a directrix of the in-ellipse 
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THE MATHEMATICAL (GAZETTE. 

because Q is a focus. Hence PQ is perpendicular to it, and therefore parallel 
to the normal at R, the end of the diameter CQ of the given ellipse. If the 
normal at R meet CP produced in T, and the axes in G, g, 

RG b2 RG b2 GT RG b2 GT b2 GT a2-b2 
Rga2; Gg- a2-b2' Tg -Rg a2; G'ga2+b2' GC a2+b2 

CP CT G T a2- b2 
CQ- CR- 

= 
R =a2+ b2=constant ratio. 

If the coordinates of Q are given, we can now find those of P, and the 
equation to the directrix corresponding to Q, and thence the axes of the 
enveloped curve. It can also be shown that if the locus of Q is a circle con- 
centric with the given ellipse, the major axis of the enveloped ellipse is 
constant; while, if the locus of Q is a concentric ellipse similar and similarly 
situated to the given ellipse, the minor axis is constant. 

180. If the odds against a horse in a race be a to b, then we may call 

the apparent chance of that horse winning. Prove that, if the sum of the 
apparent chances of all the horses in a race be less than unity, one can arrange 
bets so as to make sure of winning the same sum of money whatever be the issue 
of the race. R. W. GENESE. 

Solution by F. S. MACAULAY and H. P. KNAPTON. 

If the bettor backs all the horses, viz., if he bets -b to ar that the 
a,r +br ar+br 

rth horse will win ; then, if the rth horse wins, the bettor wins ar and loses 
a, + br 

b b, 
a+b ar+br,. 

his net winnings are 
a, b b b 

a,+br a+b+ ar+br 1 a+b' 
which is positive and the same whatever horse wins. 

181. If 2x2 stand for x12 + x22 + ... + Xn2, 
and gyz for Y1lz + Y22 + * + ynn, 
all the quantities being real, and if 

Ex2, 2xy, 2xz =0, 
yx , y2, Eyz 

Ezx, zy, 2Ez2 

X1, X2, ... Xn - =0. 

prove that Y, Y2 ... Yn 

Z1 , Z2, .. Zn 

Solution by F. S. MACAULAY. 
From the given equation we know that there are three quantities X, Y, Z, 

satisfying the equations 
XExz + IYxy + ZExz = 0, 
X'yx + yJy2 + ZIyz = 0, 
XZzx + YZzy + Zfz2 =0. 

Multiply these by X, Y, Z respectively, and add. Then 
X2z.2 + y2Zy2 + Z2JZ2 + 2 YZZyz + 2ZXZzx + 2X YZxy = 0, 

i.e. Z(Xx+ "Yy+Zz)2=0. 
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SOLUTIONS. 

Hence we have the n linear equations, 
Xx,+ Yy,+Zzr=0, (r=, 2, 3,... n). 

These give, by the elimination of X, Y, Z, 

X1, 2,... Xn =0. 

Y1, 2/, - Yn 

Z, X2 ... Z 

Professor A. C. Dixon writes: "The given determinant is the sum of the 
squares of the determinants of the matrix ; therefore," etc. 

183. The wording of this question is insufficient. For a correct wording, 
see No. 215, p. 133. 

184. Showo how to inscribe a square in a given quadrilateral. (D. 
Solution by Prof. A. C. DIxoN and others. 

Let ABCD be the given quadrilateral, supposed convex for simplicity. 
Take any square efgh. On ef, on the same side as the square is, describe a 
triangle lef, having the angles lef, Ife equal to DBC, DBA respectively. 
Also on gh, on the same side as the square is, describe a triangle kgh, 
having the angles kgh, k/hg equal to BDA, BDC respectively. Let kl cut 
the circle round lef in b, and the circle round kqh in d; also let be, dh meet 
in a, and bf, dg meet in c. 

Then abed is similar to ABCD. For angle abd=efd=ABD, and similarly 
adb= ADB, cbd= CBD, cdb= CDB. Hence, if on the sides of ABCD we take 
points E, F, G, H dividing them in the same ratios as the sides of abed are 
divided by e, f, g, h, then EFGH will be a square inscribed in ABCD. 

A similar method is applicable if it is required to inscribe in ABCD a 
quadrilateral similar to any given quadrilateral. The above construction is 
one of the simplest; but it has the disadvantage of being indirect. 

A direct construction, given by Prof. Dixon, depends on the properties of 
the centre of similitude. Suppose it required to inscribe in ABCD a 
quadrilateral similar to KLMN. Let P, Q, R be any set of three points on 
AB, BC, CD respectively, such that PQR is similar to KLM. Then, by a 
known property, all the triangles PQR have a fixed centre 0 of similitude, 
which can be constructed. Also, when 0 has been found, any number of the 
triangles PQR, all similar to KLM, can be constructed; and the locus of 
the point S, such that PQRS is similar to KLMN, is a straight line. Find 
then two of the points S, and join them. This gives the locus of S, and the 
point where it cuts DA will be a vertex of the required quadrilateral. 

The following solution is due to Mr. J. B. Casey. The reader can easily 
draw the figure. 

The sides AB, DC meet in E; AD, BC meet in F. In the triangle AED 
find 0 such that 

AOD=AED+90?, DOE=FAE+ 90. 

In the triangle AFB find O' such that 
AO'F=ABF+ 900, AO'B=AFB +90?. 

The circles AOO', OGD, O'HB cut respectively AF, AE in G, H; DE in J; 
BFin I. Then 

AOD- AED=90'= EA + ODE HGO + OGJ= HGJ. 

Similarly GJH=45?, . GH= GJ. 
In the same way we find 

GJ=JI and GJI=90?, .. GJIH is a square. 
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THE MATHEMATICAL GAZETTE. 

185. If a2, b2, c2, x2, y2, z2 are different from one another and from zero, and 
if the ratio of 

($+) (-v^) to (bc-V)(c t) z y x z y x c b a c b a 
is unaltered whlen x and a are interchazged, prove that 

x2 +y2 +z2 + a2+ b2+ c2 b2c2y2z2 
1 1 1 1 1 1 a2x2 

x 2 y 2 2 c 

Solution by W. E. JEFFARES. 

The ratio of II (+-) to II b) =1(y+2) a2b2c2 
y \c b H+ (b2+c2) 

' 
y2Z' 

therefore by the conditions of the question 
l(y2 +z2) a2b2c2 _(2 + 2)(z2 +a2)(a2+y2) b2C2X2 

In(62+c2) 
' 

2y2Z2 (62 + c)(c2 + 2)(2+ + b2)' yz2a' 

Simplifying, dividing throughout by (2 -a2)a2x2, we get the relation 
required. 

186. If A BCD is a parallelogram, and EF, GH are any two lines parallel 
to AB, BC respectively, meeting AB in H, BC in F, CD in G, and DA in E; 
then AC, EG, HF are concurrent. 

Solution by W. J. GREENSTREET. 
Let EG, HF cut A C in O, 0'. 
By transversals EO, HO' in triangles ADC, ABC, 

AE.DG. OC=DE.CG. OA; BF.HA. O'C=CF. HB. O'A ; 
.. OC/OC'=OA/OA', 

i.e. EG, AC, HF are concurrent at 0. 

187. The difference of the sides, including a known angle, of a plane triangle 
being given, and also the sum of one of those sides and that opposite the given 
angle, to construct the triangle. 

Solution communicated by Dr. J. S. MACKAY. 
In 1774 the question is thus answered by John Turner. 
"Analysis. Suppose the thing done, and that AGF is the triangle of 

which are given the anale A, the sum 
-A AF+ FG and the difference A - AF. 

Then also will be given A G + GF, it being 
evidently equal to AF+FG+the given 
difference AG-AF; and therefore if AB 
and AC be made respectively equal to the 
given sums AG+GF and AF+FG, the 
triangle ABC will also be given; and 
then between the sides of this given 
triangle we have only to apply GF so as 

GKC \F to cut off BG and CF each equal to it; 
whence appears this easy 

" Construction. Form the given angle 
ODt/ \ ? E^~ ^ BAC and make BA and AC equal to the 

two given sums of each side and the base; 
BQ B' -C draw any line DE parallel to BC, and 

make CF' and F'G' each equal to BD; 
then draw CG'G and lastly GF parallel to G'F' cutting off the triangle AGF 
required." 

Solution by Trigonometry received from Miss H. A. MOYLAN. 
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SOLUTIONS. 

188. In a given triangle to inscribe three circles touching each other and each 
touching one side of the triangle at its point of contact with the in-circle. 

E. M. LANGLEY. 
Solution by E. P. BARRETT. 

Describe circles with vertices A, B, C as centres, AF, BD, CE as radii, 
where D, E, F are points of in-contact. 

cr a cicl t tBo t 

Describe a circle to touch these three (M'Dowell, p. 199) at L, JI, N. 
Draw tangents to this circle at L, M, NV. These intersect on ID, IE, IF 

at P, Q, R. The circles, centre P radius PD, etc., are the circles required. 
Professor A. C. Dixon remarks: "Invert from a point of contact of in- 

circle and side, and the problem becomes-Draw two equal circles touching 
one another, and touching a given straight line at given points." 

190. Given the trace of an,y curve x=f(y), and its tangents, show how to 
construct geometrically the points and tangents of the curve ax=yf(y), a being 
any constant. A. LODGE. 

Solution by the PROPOSER. 

Let P be any point on the given curve, PH perpendicular to y=a, PN 
perpendicular to axis of y. OM cuts PN in Q. Q is a point on the required 
curve. 

Also, if the tangent at P meet MN in T, TQ will be a tangent at Q to the 
required curve. 

NOTE.-Ap and Ag being the areas of the two curves (P), (Q), the height y of 
the c.G. of (P) is given by y. Ap=a. Ag; and if y be the height of the c.G. of 

(Q), the radius of gyration (K) of (P) is given by - =y. Whence y . y K2; 
2 y'.a a 

and if (R), a third curve x=Y2f(y), be similarly derived from Q, 

KI2(Ap) = a2(Ar). 

191. If OP and OQ be two forces acting at the point 0, OR their resultant, 
and m and n their moments about a point A lying in their plane, prove that one 
of the anharmonic ratios of the pencil O(APRQ) is equal to mr/n. J. BRILL. 
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THE MATHEMATICAL GAZETTE. 

Solution by PROPOSER. 

We have m=OP.AL, n=OQ. AM. 

Further, by Leibnitz' Theorem, 
R'Q' OP/OPY OP. OQ' m AM. OQ' m AAOQ' m AQ' 
PR' OQ/OQ' OQ. OP'-n AL. OP' n ' AOP n AP'' 

Therefore AP' R'Q m 
AQ' P' R' n 

192. If the still ai' at A were transferred to B, /3 degrees farther north, it 
would cause a wind of b miles per hour; and if transferred to C, /3 degrees 
farther south, it would cause a wind in the contrary direction of c miles per hour; 
find the latitude of A when the ratio of b to c is 5 to 4 and f is equal to 20. 

W. P. GOUDIE. 
Solution by the PROPOSER. 

Let k be required latitude, w the velocity of rotation at equator in miles 
per hour. 

Velocities of point on surface at 4, f + f3 respectively are o cos b, o cos(b) ? ]3). 
When air is still 

b =(cos -cos +t ), c= o(cos - -cos ), b tan + tan /2 
c tan 5 - tan //2 

tan = b+c tan P giving q. 
Numerical case, = tan-l(9 tan 10?). 

193. Show, without extracting the roots, that 

~/20-14/22+ /220+14d2=4. W. P. GOUDIE. 

Solution by W. E. JEFFARES, the PROPOSER, and others. 

Let the expression be denoted by x. Cubing, 

(20 - 142) + (20+ 141/2)+3{(20 - 14/2)(20+ 14 /2)}=x=X3, 
whence x3-6x-40=0 or x=4 the real root. 

195. This question may be proved in a similar way to No. 158, p. 118. 
It is also a particular case of the theorem in Note 44, p. 127. Another 
solution, by C. E. M'VICKER, M.A., has been received. 
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